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I. INTRODUCTION
The structure of spacetime at the Planck scale is unknown and represents an open problem which is un-
der active research. Noncommutative (NC) spacetime emerged as a natural setting for capturing the essence
of physical theories at very small distances. In [1, 2] it was shown that the postulates of general relativ-
ity together with Heisenberg uncertainty principle lead to spacetime uncertainty at the Planck scale lPlanck,
i.e. ∆xµ∆xν > l2Planck. The description of spacetime as a continuum of points (a smooth manifold) is an
assumption no more justified at Planck scale. At this scale, it is then natural to relax the assumption of
smooth spacetime and conceive spacetime as discretized manifold, most naturally described by noncom-
muative spacetime. This noncommutativity can be realized by promoting spacetime coordinates xµ in to
noncommuting operators xˆµ. The NC spacetime is also known to emerge as a low energy limit of certain
quantum gravity models [1–3]. String theory [4, 5] suggests that the spacetime at Planck length also leads
to noncommutative spacetime.
In NC spacetimes Lorentz symmetry is broken in the usual sense. Namely, Lorentz algebra remains
undeformed, its coalgebra changes , but in a way that we still have the Hopf algebra of the starting symmetry
group. A particularly interesting example of a Hopf algebra is κ-Poincaré algebra. κ-Poincaré algebra is
describing the underlying symmetry of the effective NC quantum field theory that results from coupling
quantum gravity to matter fields after topological degrees of freedom of gravity are integrated out [6–8].
It has been shown that the generic feature of field theories on NC spaces (both for Moyal [9, 10], and
κ-Minkowski [11]) is that interactions are highly non-local and non-linear leading to the so called UV/IR
mixing, which is characterized by an interdependence between the high and low energy behavior [12, 13].
We will deal with κ-Minkowski spacetime [14]-[28]. κ-Minkowski spacetime is a Lie algebraic defor-
mation of Minkowski spacetime, where κ is the deformation parameter usually associated with quantum
gravity scale. Investigations trying to obtain bound on deformation parameter, supporting this claim, were
carried out in [29–33]. The symmetries of κ-Minkowski spacetime are encoded in the κ-Poincaré-Hopf
algebra. Generalized Poincaré algebras related to κ-Minkowski spacetime were considered in [34]. Con-
structions of physical theories on κ-Minkowski spacetime lead to new interesting properties, such as, mod-
ification of particle statistics [35]-[40], deformed Maxwell’s equations [41, 42], Aharonov-Bohm problem
[43] and quantum gravity effects [30, 33, 44–46]. Deformation of quantum mechanics and especially ef-
fects on hydrogen atom were also considered [31, 47, 48]. The construction of QFT’s on NC spaces is of
immense importance and is still under investigation [49]-[56]. κ-Minkowski spacetime is also related to
doubly-special (DSR) and deformed relativity theories [57–62].
DSR theories are a set of models that provide a kinematical framework where Planck length is incorpo-
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rated as a new fundamental invariant, along with the speed of light. The relativity postulates are minimally
reformulated in order to allow this new invariant. In this fashion one avoids the necessity for singling
out a preferred inertial frame, so that the concept of observer independence is retained, with κ-Minkowski
spacetime providing the coordinate background for putting DSR to test. In due course some authors pointed
towards certain inconsistencies and seeming paradoxes which DSR theories inevitably carry with them [63].
The resolution of these problems was taken up in the recently proposed framework of relative locality [64–
66]. It relies on the concept of invariant phase space and idea that the momentum space might be curved.
κ-Minkowski spacetime (invariant under κ-Poincaré algebra) was shown to emerge from the application of
this idea, and can thus be used as a background on which one might develop implications of relative locality
[67].
It is known that the deformations of the symmetry group can be realized through the application of
the Drinfeld twist on that symmetry group [68–70]. The main virtue of the twist formulation is that the
deformed (twisted) symmetry algebra is the same as the original undeformed one and the only thing that
changes is the coalgebra structure which then leads to the same free field structure as the corresponding
commutative field theory [71]. The information about statistics is encoded in the R-matrix. In case of κ-
Poincaré Hopf algebra, R-matrix can be expressed in terms of Poincaré generators only, which implies that
the states of any number of identical particles can be defined in a κ-covariant way [35–38, 72, 73].
One of the ideas presented by the group of Wess et al. [74, 75] is that the symmetries of general relativity,
i.e. the diffeomophisms, are considered as the fundamental objects and are deformed using twist [76, 77].
Given a twist F one can construct noncommutative star product. In this way, the algebra of noncommutative
functions, tensor fields, exterior forms and diffeomorphisms is obtained. They also developed the notion
of infinitesimal diffeomorphism and the corresponding notion of deformed Lie algebra. The generalization
of the diffeormorphism symmetry is formulated in the language of Hopf algebras, a setting suitable for
studying quantization of Lie groups and algebras. Physical applications of this approach are investigated
in [78], and especially for black holes in [79]. Our main motivation is to generalize the ideas of the group
of Wess et al. to the notion of the Hopf algebroid [80–83] and to construct both QFT and gravity in Hopf
algebroid setting, which is more general and it seems more natural since it deals with the whole phase space
[73].
There have been claims in the literature [84] stating that κ-Poincaré-Hopf algebra could not be obtained
from cocycle twist, since κ-Poincaré-Hopf algebra is a quantum deformation of Drinfeld-Jimbo type cor-
responding to inhomogeneous r-matrix and that the universal r-matrix for κ-Poincaré-Hopf algebra is not
known [16, 85]. The Abelian twists [18, 20, 39] and Jordanian twists [22] compatible with κ-Minkowski
spacetime were constructed, but the problem with these twists is that they can not be expressed in terms of
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the Poincaré generators and the coalgebra runs out into U(igl(4)) ⊗U(igl(4)).
In a recent paper [83] we have demonstrated that the key for resolving these problems is to analyze the
whole quantum phase space H and its Hopf algebroid structure. We have used the Abelian twist, satisfying
cocycle condition. This twist is not an element of κ-Poincaré-Hopf algebra, but an element of H ⊗ H .
By applying the twist to the Hopf algebroid structure of quantum phase space H we obtained the Hopf
algebroid structure of κ-deformed phase space ˆH . Moreover, this twist also provides the correct Hopf
algebra structure of κ-Poincaré algebra when applied to the generators of rotation, boost and momenta. In
[83] we have explicitly used the bicrossproduct basis (which corresponds to right ordering). In [73], authors
have used deformations of the Heisenberg algebra (quantum phase space) and coalgebra by twist. They
present a type of tensor exchange identities and show that the introduced coalgebra is compatible with them.
Also, they give coproducts for the Poincaré generators, proposing two new methods of calculation. Finally,
the exact form of the universal R-matrix for the deformed Heisenberg algebra and especially κ-Poincaré
Hopf algebra is presented.
In this paper we present the construction of the twist for arbitrary realization and corresponding Hopf
algebroid structure. A systematic, perturbative method for calculating twist in arbitrary realization of κ-
deformed phase space is elaborated. We point out that for natural realization (also known as classical basis)
there is no construction for the twist operator in the literature. Here we are presenting the expression for the
twist in natural realization up to the third order in deformation parameter. We prove the cocycle condition
and show that this twist leads to κ-Poincaré-Hopf algebra and we calculate the corresponding R-matrix.
Furthermore, we show the relation between any two realizations via similarity transformation and give a
method for calculating twist in a given realization, by using a twist in one particular realization and similarity
transformation. Therefore, it is clear that if one knows the twist operator in one particular realization, using
similarity transformation one can generate the twist operator in any realization. All such twists satisfy the
cocycle and normalization conditions. Our general methods are demonstrated on specific examples, such
as, left covariant, left noncovariant and natural realization.
In section II. we present and elaborate the structure of κ-deformed phase space ˆH and its realization
through quantum phase space H . We define the twist operator F . Here we develop the method for calculat-
ing twist in any realization of κ-deformed phase space and corresponding deformed coproduct (bialgebroid)
structure. This twist satisfies cocycle condition. In section III. we explicitly apply the method developed in
section II. for natural realization (up to the third order). Furthermore, using tensor relations, we prove that
twist satisfies cocycle condition, calculate the R-matrix and show that this twist leads to κ-Poincaré-Hopf
algebra. In section IV, we first give the structure of quantum phase space and explicitly show the relation
between generators, coproducts, star products and twists in arbitrary realizations (corresponding to different
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bases in quantum phase space) via similarity transformation. Then, two realizations of κ-deformed phase
space and the formula that relates twist operators in different realizations of κ-deformed phase space are
given and discussed. In section V the method developed in section IV. is illustrated in specific realizations.
In section VI. discussion and possible physical applications of our approach are outlined. Finally, in the
appendices, we give the definition and properties of undeformed Hopf algebroid, twisted Hopf algebroid
and outline the Hopf algebroid structure of κ-deformed phase space ˆH .
II. TWIST FROM REALIZATION
A. κ-deformed phase space
We start with κ-Minkowski spacetime defined by NC coordinates
{
xˆµ
}
(µ = 0, 1, 2, 3) satisfying
[xˆµ, xˆν] ≡ xˆµ xˆν − xˆν xˆµ = i(aµ xˆν − aν xˆµ), (1)
where aµ = (a0, ~0). Let us consider the realization of xˆµ in terms of commutative coordinates xµ and
momenta pµ of the form
xˆµ = xαϕ
α
µ(p). (2)
Commutative coordinates xµ and momenta pµ generate the Heisenberg algebra H (i.e. quantum phase
space) satisfying the following relations:
[xµ, xν] ≡ xµxν − xνxµ = 0,
[pµ, pν] ≡ pµpν − pνpµ = 0,
[pµ, xν] ≡ pµxν − xνpµ = −iηµν 1,
(3)
where ηµν = diag(−,+,+,+). The quantum phase space H is defined as an free unital algebra generated
by xµ and pµ, divided by the ideal generated by relations in eq. (3). We choose bases element in H to
be normally ordered monomials, i.e. coordinates xµ are left from the momenta pµ, and write symbolically
H = A T , where A is an unital commutative algebra generated by xµ and T is an unital commutative
algebra generated by pµ, T = C[[p]]. H is not a Hopf algebra4, but it has Hopf algebroid structure over the
base algebra A (see Appendix A). Functions ϕαµ(p) in eq.(2) have to satisfy:
∂ϕαµ
∂pβ
ϕ
β
ν −
∂ϕαν
∂pβ
ϕ
β
µ = aνϕ
α
µ − aµϕαν. (4)
4 In [86] Heisenberg algebra is defined by [pi, x j] = −i~δi j, where ~ is treated as a central element in the Heisenberg algebra.
Then, in the framework of “hybrid quantization”, Heisenberg algebra could be treated as a Hopf algebra, but only in a weak
sense. Namely, the generator ~ can be identified with the identity operator only weakly ~ ≈ 1. Obviously, when trying to encode
physical system within Hopf algebra structure of Heisenberg algebra H one is led to inconsistencies.
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In the limit when aµ → 0 we have ϕαµ → δαµ. Eq. (4) possesses infinitely many solutions. For a given
solution ϕαµ we can generate all other solutions by similarity transformations (which will be elaborated in
section V).
There exists an isomorphism between NC algebra ˆA, generated by
{
xˆµ
}
and the algebra A⋆, generated
by commutative coordinates
{
xµ
}
but with star multiplication ⋆. Star product between two elements f (x)
and g(x) of A⋆ is defined as
f (x) ⋆ g(x) = ˆf (xˆ)gˆ(xˆ) ⊲ 1, (5)
where ˆf (xˆ) and gˆ(xˆ) are elements of ˆA, and the action ⊲ is defined by
xµ ⊲ f (x) = xµ f (x), pµ ⊲ f (x) = −i ∂ f
∂xµ
. (6)
The star product defined in (5) is associative for any choice of realization ϕαµ(p). From this isomorphism
between ˆA and A⋆ it follows that ϕαµ(p) is invertible (and vice versa), that is ϕαµ(ϕ−1)µβ = δαβ.
κ-deformed phase space is generated by xˆµ and pµ which we denote as deformed Heisenberg algebra ˆH .
We have the action (for more details see [27]) ◮ : ˆH ⊗ ˆA 7→ ˆA, where, symbolically, ˆH = ˆAT , ˆA is a
subalgebra of ˆH generated by xˆµ and T is a subalgebra of ˆH generated by pµ:
xˆµ ◮ gˆ(xˆ) = xˆµgˆ(xˆ), pµ ◮ 1 = 0,
pµ ◮ xˆν = −iηµν.
(7)
From the Leibniz rule
xˆµ ◮ ˆf (xˆ)gˆ(xˆ) = xˆµ ˆf (xˆ)gˆ(xˆ) (8)
we obtain the coproduct ∆xˆµ
∆xˆµ = xˆµ ⊗ 1. (9)
Note that ˆH has Hopf algebroid structure over the base algebra ˆA (see [83] and Appendix C).
For any choice of realization ϕαµ(p) we can construct corresponding coproducts ∆ for xµ and pµ using
Leibniz rules for p ⊲ ( f ⋆ g) and x ⊲ ( f ⋆ g) obtained from the property h1h2 ⊲ f (x) = h1 ⊲ (h2 ⊲ f (x)), where
h1, h2 ∈ H (see [73]) . This construction leads to Hopf algebroid structure [80–82]. The coproduct ∆xµ
can also be obtained from
∆xµ = ∆(xˆα(ϕ−1)αµ) = ∆(xˆα)∆(ϕ−1)αµ
= (xˆα ⊗ 1)∆(ϕ−1)αµ = (xνϕνα ⊗ 1)∆(ϕ−1)αµ.
(10)
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The coproduct for pµ can be constructed (see [55], [87] and [88, 89]) using
eipxˆ ⊲ eiqx = eiPµ(p,q)x
µ (11)
and calculating the star product between two plane waves
eipx ⋆ eiqx = eiDµ(p,q)x
µ
, (12)
where Dµ(p, q) = Pµ(K−1(p), q) and K(p) = P(p, 0). The function Pµ is uniquely determined with the
choice of realization ϕαµ via
dPµ(λp, q)
dλ = p
αϕµα(P), (13)
where λ is a parameter. The function Dµ(p, q) determines the momentum addition rule D(p, q) = p ⊕ q
in momentum space, and from it we can extract the coproduct for momentum Dµ(p ⊗ 1, 1 ⊗ p) = ∆pµ.
Coproduct is a unique mathematical object for fixed deformation parameters aµ. Coproducts in different
realizations are related by similarity transformations (see section V. for details). When aµ → 0 coproduct ∆
reduces to ∆0:
∆0xµ = xµ ⊗ 1, ∆0 pµ = pµ ⊗ 1 + 1 ⊗ pµ, (14)
where we generate an equivalence class in H ⊗H by the ideal I0 = U+(R0)(A ⊗ 1)∆0T , where U+(R0)
is a universal enveloping algebra generated by (R0)µ but without the unit element, (R0)µ ≡ xµ ⊗ 1 − 1 ⊗ xµ
(for more details see [73]) and ∆0T = C[[∆0 p]] ⊂ T ⊗ T is the image of T in T ⊗ T . Elements R0 satisfy
following properties
[xµ ⊗ 1,R0] = 0, [∆0 pµ,R0] = 0,
[(R0)µ, (R0)ν] = 0.
(15)
Since Heisenberg algebra H can be written as H = A T it can be shown that ∆0H = U(R0)(A ⊗
1)∆0T /I0 = [(A ⊗ 1)∆0T + I0]/I0 is an algebra isomorphic to H and that ∆0A = (A ⊗ 1 + I0)/I0 =
(A ⊗A + I0)/I0 is an algebra isomorphic to A.
We can also define the counit ǫ0 by ǫ0(h) = h ⊲ 1 for every h ∈ H . Coproduct ∆0 and counit ǫ0 together
lead to bialgebroid structure of quantum phase space. Let us mention that the Heisenberg algebra H has
also Hopf algebroid structure, for more details see Appendix A.
B. Twist operator
The relation between deformed coproducts ∆ and undeformed ∆0, discussed in the previous subsection,
defines the bidifferential twist operator F via
∆h = F∆0hF −1, (16)
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for every h ∈ H . Hence,
∆xµ = F∆0xµF −1, ∆pµ = F∆0 pµF −1. (17)
The star product is given by
f (x) ⋆ g(x) = m⋆( f (x) ⊗ g(x)) = m
(
F −1 ⊲ ( f ⊗ g)
)
(18)
where m is the multiplication map defined by m(h1 ⊗ h2) = h1h2, and m⋆ is the multiplication map defined
by m⋆(h1 ⊗ h2) = h1 ⋆ h2, ∀h1, h2 ∈ H . The ⋆-product does not change if F −1 → F −1 + J0, where
J0 = U+(R0)H ⊗ H is the right ideal with the property m(J0 ⊲ ( f ⊗ g)) = 0. Note that f (x)g(x) =
m( f ⊗ g) = m⋆(F ⊲ ( f ⊗ g)) does not change if F → F + J , where J is also a right ideal defined by
J = U+(R)H ⊗H = FJ0, where Rµ = F (R0)F −1. The property of right ideal J is m⋆(J ⊲ ( f ⊗ g)) = 0.
For the right ideals J0 and J we have
J0(H ⊗H) = J0, J(H ⊗H) = J
J = FJ0F −1 = FJ0
JJ0 ⊂ J , J0J ⊂ J0
(19)
Twist must satisfy :
1. cocycle condition:
(F ⊗ 1)(∆0 ⊗ 1)F = (1 ⊗ F )(1 ⊗ ∆0)F , (20)
(F −1 ⊗ 1)(∆ ⊗ 1)F −1 = (1 ⊗ F −1)(1 ⊗ ∆)F −1, (21)
2. normalization condition:
m(ǫ0 ⊗ 1)F = 1 = m(1 ⊗ ǫ0)F , (22)
3. In the limit when aµ → 0 we have F → 1 ⊗ 1,
where ǫ0 is the counit.
It can be shown that ∆H = U(R)(A ⊗ 1)F ∆T /I is an algebra isomorphic to H where (A ⊗ 1)F =
F (A⊗ 1)F −1 and I = F (I0)F −1 = U+(R)(A⊗ 1)F ∆T . It can be also shown that ∆A = F (∆0A)F −1 =
((A ⊗ 1)F + I)/I is an algebra isomorphic to A. Elements Rµ satisfy the following properties
[∆xµ,R] = 0, [∆pµ,R] = 0,
[Rµ,Rν] = 0.
(23)
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For the ideals I0 and I we have
I0∆0H = ∆0HI0 = I0, I∆H = ∆HI = I,
II0 ⊂ J , I0I ⊂ J0
(24)
The twist operator F defined in (16) is a mapping F : ∆0H 7→ ∆H and F ∈ (H ⊗ H)/J , while its
inverse F −1 is a mapping F −1 : ∆H 7→ ∆0H and F −1 ∈ (H ⊗ H)/J0. Hence, ∆0h : ∆0H 7→ ∆0H and
∆h : ∆H 7→ ∆H . The twisted structure of quantum phase space H is also a Hopf algebroid over the base
algebra ˆA, where the elements of ˆA are taken in particular realization (see Appendix B).
For a given realization ϕαµ(p), eq.(2), and the corresponding coproducts ∆x and ∆p we construct the
twist F using perturbative methods. We express ∆x and ∆p as power series in the deformation parameter
a0
∆x =
∞∑
k=0
∆k x, ∆p =
∞∑
k=0
∆k p, (25)
where ∆0x and ∆0 p are given in (14) and ∆k x,∆k p ∝ ak. For the twist we have
F = e f , f =
∞∑
k=1
fk, (26)
where fk ∝ ak xpk+1, symbolically. Using (17) and comparing (25) and (26) order by order we have
∆1x = [ f1,∆0x]
∆2x = [ f2,∆0x] + 12[ f1, [ f1,∆0x]]
∆3x = [ f3,∆0x] + 12 ([ f1, [ f2,∆0x]] + [ f2, [ f1,∆0x]]) +
1
3! [ f1, [ f1, [ f1,∆0x]]]
...
∆k x = [ fk,∆0x] + ... + 1k! [ f1, [ f1, ...[ f1,∆0x]]]
...
(27)
and analogously for ∆pµ. Note that for ∆1x and ∆1 p we have
∆1xµ = a0xα
1 ⊗ ∂[ϕ
−1]αµ
∂a0
+
∂ϕαµ
∂a0
⊗ 1

a0=0
∆1 pµ = a0 pα ⊗
[
∂ϕ αµ
∂a0
]
a0=0
(28)
The important result is that associative star product implies the cocycle condition for twist F up to right
ideal J (the complete proof will be presented elsewhere). This is the reverse statement to the one found in
[75], namely that the cocycle condition leads to associative star product.
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In [18, 20] is given the formula for operator F −1, in terms of ∆pµ, that gives proper associative star
product
F −1 =: exp (ixα(∆ − ∆0)pα) : ∈ (H ⊗H)/J0, (29)
where : : denotes normal ordering i.e. that x ’s are left from p ’s. Using relations (R0)µ = xµ⊗1−1⊗ xµ ≡ 0
one can show that F −1 satisfies all the requirements of the twist operator. This was demonstrated in [39]
for an infinite class of Abelian twists. Note that using (28) and (29) we can obtain F −1 up to the first order,
in arbitrary realization
F −1 = 1 ⊗ 1 + ia0xαpβ ⊗
∂ϕ
β
α
∂a0

a0=0
+ O(a20). (30)
For different coproducts ∆x within the given equivalence class generated by R we can construct families
of different twists, but they are all equivalent after using tensor relations R. These tensor relations have to
be used in the expansion of twist order by order. Hence, our method for calculating twist F from a given
realization ϕαβ is well defined.
III. TWIST FROM NATURAL REALIZATION OF κ-MINKOWSKI SPACETIME
An important example of a realization of the κ-Minkowski spacetime is the natural realization[19, 20,
55](or classical basis [58, 90]). Important feature of natural realization is that momentum transforms vector-
like under the undeformed Lorentz algebra. In this section we will demonstrate the method developed in
previous section in order to construct the twist operator for natural realization. So far, the twist correspond-
ing to natural realization is not known in the literature. For this case we use capital letters Xµ and Pµ to
denote the commutative coordinates and the corresponding momentum operators. In terms of these, the
noncommutative coordinates are given by
xˆµ ≡ XαΦαµ(P) = XµZ−1 − (a · X)Pµ, (31)
where Z is the shift operator defined by [Z, xˆµ] = iaµZ and, for the natural realization, given by5 Z−1 =
(a ·P)+
√
1 + a2P2. The importance of this realization is given by the fact that generators of the undeformed
Lorentz algebra in this case can be realized in the usual way and that Mµν and xˆµ generate a Lie algebra:
[Mµν, xˆλ] = −i(ηνλ xˆµ − ηµλ xˆν + aµMνλ − aνMµλ) (32)
5 where we use the notation A · B ≡ AµBµ and A2 ≡ AµAµ (A and B are arbitrary 4-vectors)
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also
[Mµν, Mλρ] = −i(ηνλMµρ − ηµλMνρ − ηνρMµλ + ηµρMνλ)
[Mµν, Pλ] = ηνλPµ − ηµλPν
(33)
In the following we demonstrate the procedure outlined in the previous section for this case, i.e., for
Φαµ(P) = ηαµZ−1 − aαPµ. (34)
It can be checked that the inverse of this matrix is given by
Φ−1βγ (P) = ηβγZ +
aβPγZ√
1 + a2P2
. (35)
The coproduct of Pµ is known to be [19, 20, 27, 58]
∆Pµ = Pµ ⊗ Z−1 + 1 ⊗ Pµ + iaµPαZ ⊗ Pα −
iaµ
2
Z ⊗ (a · P), (36)
where  is the Casimir operator defined by [Mµν,] = 0, [Pµ,] = 0 and [, xˆµ] = −i2Pµ, and, for the
natural realization, given by  = 2
a2
(
1 −
√
1 + a2P2
)
. These expressions are inserted into
∆Xµ =
(
XαΦαβ ⊗ 1
) (
∆Φ−1βµ
)
, (37)
and expanded in the deformation parameter6 a0. The coproduct ∆Φ−1βµ is calculated using the homomorphism
property of the coproduct. In the first order we get
∆Xµ = Xµ ⊗ 1 − Xµ ⊗ (a · P) + (a · X) ⊗ Pµ + O(a20). (38)
The coproduct ∆Pµ is also expanded to the first order in a0
∆Pµ = Pµ ⊗ 1 + 1 ⊗ Pµ + Pµ ⊗ (a · P) − aµPα ⊗ Pα + O(a20), (39)
and we find f1 by writing down the ansatz
f1 = −α1(X · P) ⊗ (a · P) − α2(a · X)Pα ⊗ Pα, (40)
where α1 and α2 are dimensionless parameters. Then we require (see eq.(27))
[ f1, X ⊗ 1] = −Xµ ⊗ (a · P) + (a · X) ⊗ Pµ
[ f1, Pµ ⊗ 1 + 1 ⊗ Pµ] = Pµ ⊗ (a · P) − aµPα ⊗ Pα
(41)
6 we took that aµ = (a0, ~0)
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which determines the parameters α1 and α2 to be α1 = i and α2 = −i, i.e.,
f1 = −i(X · P) ⊗ (a · P) + i(a · X)Pα ⊗ Pα. (42)
Collecting both the first and the second order terms in the LHS of eq. (37), we find
∆Xµ = Xµ ⊗ 1 − Xµ ⊗ (a · P) + (a · X) ⊗ Pµ + Xµ ⊗ (a · P)2 − aµ(a · X)Pα ⊗ Pα
−(a · X)(a · P) ⊗ Pµ − (a · X) ⊗ (a · P)Pµ + (a · X)Pµ ⊗ (a · P) − a
2
2
Xµ ⊗ P2 + O(a30). (43)
We now expand ∆Pµ to the second order and write down the most general expression for f2 that is linear in
Xµ and quadratic in aµ
f2 = iβ1(X·P)⊗(a·P)2+iβ2(X·P)⊗P2+iβ3(a·X)(a·P)Pα⊗Pα+iβ4(a·X)P2⊗(a·P)+iβ5(a·X)Pα⊗(a·P)Pα (44)
where β1, ..., β5 are dimensionless parameters. The parameters βi are determined by requiring that
[ f2,∆0Xµ] = −1/2[ f1, [ f1,∆0Xµ]] + second order terms from eq. (43), (45)
and an analogous expression for [ f2,∆0Pµ]. This leads to
f2 = i2(X · P) ⊗ (a · P)
2 − ia
2
2
(X · P) ⊗ P2 − i(a · X)(a · P)Pα ⊗ Pα
+
i
2
(a · X)P2 ⊗ (a · P) − i
2
(a · X)Pα ⊗ (a · P)Pα. (46)
Repeating the procedure in the third order we find
∆Xµ = Xµ ⊗ 1 − Xµ ⊗ (a · P) + (a · X) ⊗ Pµ + Xµ ⊗ (a · P)2 − aµ(a · X)Pα ⊗ Pα − (a · X)(a · P) ⊗ Pµ
−(a · X) ⊗ (a · P)Pµ + (a · X)Pµ ⊗ (a · P) − a
2
2
Xµ ⊗ P2 − a2Xµ ⊗ (a · P)P2 + Xµ ⊗ (a · P)3
+a2(a · X)PαPµ ⊗ Pα + a2(a · X)Pα ⊗ PαPµ + a2(a · X) ⊗ P2Pµ + 12a
2(a · X)P2 ⊗ Pµ
−2aµ(a · X)(a · P)Pα ⊗ Pα − aµ(a · X)Pα ⊗ (a · P)Pα + 12aµ(a · X)P
2 ⊗ (a · P) − (a · X) ⊗ (a · P)2Pµ
+(a · X)(a · P)Pµ ⊗ (a · P) + (a · X)Pµ ⊗ (a · P)2 − (a · X)(a · P) ⊗ (a · P)Pµ − (a · X)(a · P)2 ⊗ Pµ
+O(a40). (47)
We expand ∆Pµ to the third order, then write an ansatz for f3 and determine the unknown coefficients by
requiring that f3 satisfies
[ f3,∆0Xµ] = − 1/6[ f1, [ f1, [ f1,∆0Xµ]]] − 1/2([ f1, [ f2,∆0Xµ]]
+ [ f2, [ f1,∆0Xµ]]) + terms of order a30 from eq. (47)
(48)
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and similarly for [ f3,∆0Pµ]. This gives us
f3 = − i3(X · P) ⊗ (a · P)
3 +
i
2
a2(X · P) ⊗ (a · P)P2 + i3(a · X)Pα ⊗ (a · P)
2Pα − i
2
(a · X)(a · P)P2 ⊗ (a · P)
− i
2
(a · X)P2 ⊗ (a · P)2 + i(a · X)(a · P)Pα ⊗ (a · P)Pα + i(a · X)(a · P)2Pα ⊗ Pα − i2a
2(a · X)P2Pα ⊗ Pα
− i
2
a2(a · X)Pα ⊗ P2Pα − i2a
2(a · X)PαPβ ⊗ PαPβ. (49)
The twist for the natural realization should satisfy m
(
F −1 ⊲ Xµ ⊗ 1
)
= xˆµ. One can verify that this is
satisfied in our construction. Hence, the action of
F −1 = 1 ⊗ 1 − f1 − f2 + 12 f
2
1 +
1
2
( f1 f2 + f2 f1) − f3 − 16 f
3
1 + ... (50)
on Xµ ⊗ 1 gives Xµ + Xµ(a · P) + a22 XµP2 − (a · X)Pµ +O(a40) , which is exactly what one gets by expanding
eq. (31) to the third order.
A. Tensor identities for the natural realization
A crucial point in our work are the so called tensor exchange identities (or relations) [73]. The relations
R for the natural realization can be derived by starting with the coproduct for xˆµ
∆xˆµ = xˆµ ⊗ 1 = Z−1 ⊗ xˆµ − aµpLα ⊗ xˆα, (51)
where pLµ = Pµ − aµ2 . Eq. (51) leads to
Xµ ⊗ 1 = Φ−1αµZ−1 ⊗ XβΦβα − aαΦ−1αµ(Pγ −
aγ
2
) ⊗ XβΦβγ
= 1 ⊗ Xµ + 1 ⊗ Xµ(a · P) − 1 ⊗ (a · X)Pµ + Pµ ⊗ (a · X) − aµPα ⊗ Xα + O(a20). (52)
From eq.(52) we can get the relations R expanded in the first order of the deformation parameter a0. These
relations can also be derived using the twist. Namely, for the symmetric algebra in {Xµ}, denoted by A, the
coalgebra, isomorphic to A, is given by ∆0A = [(A ⊗ A) + I0]/I0, where I0 = U+(R0)(A ⊗ 1)∆0T and
R0 ≡ Xµ⊗1−1⊗Xµ are the undeformed relations that generate the equivalence class [Xµ⊗1] = [1⊗Xµ]. If one
deforms the coalgebra structure by twist, the relations also transform, into R ≡ FR0F −1. Now the relations
R also induce a partition of the algebraA⊗A into equivalence classes. The algebra ∆A = [(A⊗A)F +I]/I,
where I = FI0F −1, together with ∆T (the algebra obtained by twist deforming the coalgebra ∆0T , that
is isomorphic to the symmetric algebra {Pµ}), forms the algebra ∆H = ∆A∆T , which contains all the
deformed coproducts ∆h,∀h ∈ H . It can be checked that applying our twist to the relations R0 we can
rederive (52), which also shows the consistency of our construction.
Remark: ∆X and F are not uniquely determined. For both of them, there exists an infinite class of
expressions, but all these expressions can be shown to be equivalent using the tensor identities.
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B. Cocycle condition
What remains to be checked is that the twist we have constructed obeys the cocyle condition
(F ⊗ 1)(∆0 ⊗ 1)F = (1 ⊗ F )(1 ⊗ ∆0)F . (53)
This is trivially satisfied in the zeroth order and we have explicitly checked it for the first and the second
one. If we write an expansion of our twist in the form
F = 1 ⊗ 1 + F1 + F2 + ..., F1 ≡ f1, F2 ≡ f2 + 12 f
2
1 , (54)
then the first and the second order of the cocycle condition read
F1 ⊗ 1 + (∆0 ⊗ 1)F1 = 1 ⊗ F1 + (1 ⊗ ∆0)F1 (55)
F2 ⊗ 1 + (F1 ⊗ 1)(∆0 ⊗ 1)F1 + (∆0 ⊗ 1)F2 = 1 ⊗ F2 + (1 ⊗ F1)(1 ⊗ ∆0)F1 + (1 ⊗ ∆0)F2. (56)
The left and right hand sides of eq. (55) are
LHS (55) = −i(X · P) ⊗ (a · P) ⊗ 1 + i(a · X)Pα ⊗ Pα ⊗ 1 − i(X · P) ⊗ 1 ⊗ (a · P) + i(a · X)Pα ⊗ 1 ⊗ Pα
−iXα ⊗ Pα ⊗ (a · P) + i(a · X) ⊗ Pα ⊗ Pα (57)
RHS (55) = −i(X · P) ⊗ (a · P) ⊗ 1 + i(a · X)Pα ⊗ Pα ⊗ 1 − i(X · P) ⊗ 1 ⊗ (a · P) + i(a · X)Pα ⊗ 1 ⊗ Pα
−i1 ⊗ (X · P) ⊗ (a · P) + i1 ⊗ (a · X)Pα ⊗ Pα. (58)
In order to compare the last two terms from the two sides, one needs to use the relations (52) in the zeroth
order (Xµ ⊗1 = 1⊗Xµ +O(a0)). It is then easily seen that the first order of the cocycle condition is satisfied.
When the relations (52) are used in the LHS of eq. (55), terms of order a0 in the relations (55) give terms
of order a20 and these need to be taken into account when checking the cocycle condition in the second order.
These terms need to be added to the terms obtained by calculating the LHS of eq. (56). A check of the
cocycle condition in the second order then goes as follows: We calculate the RHS of eq. (56), this gives
43 terms. We calculate the LHS of eq. (56), which gives 40 terms. To the terms on the left we add the 8
second order terms that come from using the relations in the first order. Now on the left side we use the
relations (in the zeroth order) and from the 40+8 terms we get precisely the 43 terms that are on the right
side. Thus, we have verified that the operator we have constructed indeed satisfies all the properties of a
twist up to the second order. This is in accordance with the statement that associative star product leads to
cocycle condition for the twist.
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C. κ-Poincaré algebra
In the natural realization, the generators of the Lorentz algebra are given by Mµν = XµPν−XνPµ. We can
calculate the coproduct for Mµν using twist i.e. ∆Mµν = F∆0MµνF −1, where ∆0Mµν = Mµν ⊗ 1 + 1 ⊗ Mµν
is the primitive coproduct. Hence,
∆Mµν = ∆0Mµν + [ f ,∆0 Mµν] + 12[ f , [ f ,∆0 Mµν]] + ...
= ∆0Mµν + [ f1,∆0Mµν] + O(a20)
= ∆0Mµν − (X · P)aµPν − aνXµPα ⊗ Pα + (X · P) ⊗ aνPµ + aµXνPα ⊗ Pα + O(a20)
= ∆0Mµν − aµPα ⊗ Mαν + aνPα ⊗ Mαµ + O(a20), (59)
which is what one gets when expanding the known expression for ∆Mµν in natural realization [19, 20, 55]. It
is easily checked that our twist also gives the correct expressions in higher orders. However, we emphasise
that the tensor identities play a crucial role in perturbative calculation order by order. In going from the
third to the fourth line in eq. (59), we have used the identities in the zeroth order, which generate terms of
order a20, which have to be taken into account when calculating ∆M in the second order (and analogously
for higher orders). We point out that twist F for natural realization can not be written in terms of Poincaré
generators, however coalgebra of Poincaré algebra is expressed in terms of Poincaré generators.
D. R-matrix
The R-matrix7, R : ∆H 7→ ˜∆H , satisfies
R∆hR−1 = ˜∆h, ∀h ∈ H , (60)
where ˜∆h = τ0∆hτ0 is the opposite coproduct and τ0 is the flip operator, τ0(h1 ⊗ h2) = h2 ⊗ h1,∀h1, h2 ∈ H.
From the twist for the natural realization, we can construct the R-matrix for the κ-Poincaré algebra. With ˜F
7 Quantum universal R-matrix is defined as a solution of the Yang-Baxter equation [91].
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defined by ˜F = τ0F τ0, the R-matrix is given by
R = ˜FF −1 = e ˜f1+ ˜f2+...e− f1− f2−... = e ˜f1− f1+ ˜f2− f2− 12 [ ˜f1 , f1]+...
= exp
(
i(X · P) ⊗ (a · P) − i(a · P) ⊗ (X · P) − i(a · X)Pα ⊗ Pα + iPα ⊗ (a · X)Pα
+
i
2
(X · P) ⊗ (a · P)2 − i
2
(a · P)2 ⊗ (X · P) − i
2
a2(X · P) ⊗ P2 + i
2
a2P2 ⊗ (X · P)
−i(a · X)(a · P)Pα ⊗ Pα + iPα ⊗ (a · X)(a · P)Pα + i2(a · X)P
2 ⊗ (a · P) − i
2
(a · P) ⊗ (a · X)P2
− i
2
(a · X)Pα ⊗ (a · P)Pα + i2(a · P)P
α ⊗ (a · X)Pα + i2(X · P)(a · P) ⊗ (a · P) −
i
2
(a · P) ⊗ (X · P)(a · P)
− i
2
a2(X · P)Pα ⊗ Pα + i2a
2Pα ⊗ (X · P)Pα + O(a30)
)
. (61)
In ref. [54], the authors have given the universal R-matrix for the κ-Poincaré algebra in terms of a family
of realizations given by xˆi = xiZ−λ, xˆ0 = x0 − a0(1 − λ)xk pk, where λ is a real parameter. This family of
realizations is related to the natural realization by similarity transformations. Expanding R-matrix (61) and
using Xµ = xµ + O(a0) and Pµ = pµ + O(a0) we find that
R = 1 ⊗ 1 + iX · P ⊗ (a · P) − i(a · P) ⊗ (X · P) + O(a20) = 1 ⊗ 1 − iXkPk ⊗ a0P0 + ia0P0 ⊗ XkPk + O(a20)
= 1 ⊗ 1 − ixk pk ⊗ a0 p0 + ia0 p0 ⊗ xk pk + O(a20), (62)
which agrees with the result from ref. [73]. It can be easily checked that the results also agree in higher
orders. Note that, although the twist F can not be expressed in terms of κ-Poincaré generators, the R-matrix
[73] is expressed in terms of κ-Poincaré generators up to the fifth order [72].
IV. DIFFERENT REALIZATIONS AND SIMILARITY TRANSFORMATIONS
A. Quantum phase space
Different realizations correspond to different bases of undeformed Heisenberg algebras. Undeformed
Heisenberg algebras are mathematical framework for quantum phase space. Different bases of Heisenberg
algebras are connected via quantum canonical transformations. We are looking for a special set of these
transformations, i.e. similarity transformations, which connect two different bases of Heisenberg algebras,
algebra H (1) generated by
{
x(1), p(1)
}
and algebra H (2) generated by
{
x(2), p(2)
}
:
x
(2)
µ = S(1,2)x(1)µ
[
S(1,2)
]−1 ≡ x(1)α [ψ(1,2)]αµ
p(2)µ = S(1,2) p(1)µ
[
S(1,2)
]−1 ≡ Λ(1,2)µ
(63)
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and inversely
x
(1)
µ = S(2,1)x(2)µ
[
S(2,1)
]−1 ≡ x(2)α [ψ(2,1)]αµ
p(1)µ = S(2,1) p(2)µ
[
S(2,1)
]−1 ≡ Λ(2,1)µ
(64)
where ψ(1,2) and Λ(1,2)µ are functions of p(1) only, ψ(2,1) and Λ(2,1)µ are functions of p(2) only, S(1,2) is a
function of x(1)µ and p(1)µ , and S(2,1) is a function of x(2)µ and p(2)µ . Equations (63) and (64) imply
S(2,1)(p(2)) =
[
S(1,2)(p(1))
]−1
ψ(2,1)(p(2)) =
[
ψ(1,2)(p(1))
]−1
Λ(2,1)(p(2)) = Λ(2,1)
(
Λ(1,2)(p(1))
)
(65)
Since both
{
x(1), p(1)
}
and
{
x(2), p(2)
}
generate the undeformed Heisenberg algebras for each of them, eq. (3)
holds and together with (63, 64) we have:
[
ψ(1,2)
]−1
µν
=
∂Λ
(1,2)
µ
∂(p(1))ν ,
[
ψ(2,1)
]−1
µν
=
∂Λ
(2,1)
µ
∂(p(2))ν (66)
Equations (63, 64, 65, 66 ) can be written in a unified way:
x
( j)
µ = S(i, j)x(i)µ
[
S(i, j)
]−1 ≡ x(i)α [ψ(i, j)]αµ (67a)
p( j)µ = S(i, j) p(i)µ
[
S(i, j)
]−1 ≡ Λ(i, j)µ (67b)
[
ψ(i, j)
]α
β
≡
[
ψ(i, j)
]α
β
(pi), Λ(i, j)µ ≡ Λ(i, j)µ (p(i)), S(i, j) ≡ S(i, j)(x(i), p(i)) =
[
S( j,i)
]−1 (x( j), p( j)) (67c)
[
ψ(i, j)
]−1
µν
=
∂Λ
(i, j)
µ
∂(p(i))ν (67d)
where i, j = 1, 2 and i , j. For these special transformations, S(i, j) can be written as S(i, j) = exp(x(i)α Σα),
where Σα is a function of p(i) . Then we have
p( j)µ = p
(i)
µ +
eO − 1
O Σµ, i, j = 1, 2 and i , j (68)
where O = Σα ∂
∂p(i)α
.
Undeformed Heisenberg algebras H (1) and H (2) are isomorphic H (1)  H (2). We can define actions8
⊲(1) and ⊲(2) as mapings ⊲(1) : H (1) 7→ A(1) and ⊲(2) : H (2) 7→ A(2) by
x
(1)
µ ⊲(1) 1 = x(1)µ , x(2)µ ⊲(2) 1 = x(2)µ ,
p(1)µ ⊲(1) 1 = 0, p(2)µ ⊲(2) 1 = 0,
f (2) ⊲(1) 1 = f (1), f (1) ⊲(2) 1 = f (2),
(69)
8 algebra A(1) is generated by x(1)µ and algebra A(2) by x(2)µ .
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where f (1) ≡ f (1)(x(1)) and f (2) ≡ f (2)(x(2)) are elements of A(1) and A(2) respectively. The star products
∗(1) and ∗(2) are defined by
f (2)g(2) ⊲(1) 1 = f (1) ∗(1) g(1) (70a)
f (1)g(1) ⊲(2) 1 = f (2) ∗(2) g(2) (70b)
and they are both commutative and associative. If Λ(i, j)µ (p(i)) , p(i)µ (that is Λ(i, j) has higher powers in p(i))
then the star products ∗(1) and ∗(2) are nonlocal.
For algebra H (1) we can construct the coproduct ∆(1)0 , and for algebra H (2) the coproduct ∆
(2)
0 that is
∆
(i)
0 x
(i)
µ = x
(i)
µ ⊗ 1, ∆(i)0 p
(i)
µ = p
(i)
µ ⊗ 1 + 1 ⊗ p(i)µ (71)
where we generated an equivalence class in H (i) ⊗H (i) by the ideal I(i)0 = U+(R(i)0 )(A(i) ⊗ 1)∆(i)0 T (i), where
R(i)0 ≡ x
(i)
µ ⊗ 1 − 1 ⊗ x(i)µ . It can be shown that ∆(i)0
(
A(i)
)
=
(
A(i) ⊗ 1 + I(i)0
)
/I(i)0 =
(
A(i) ⊗A(i) + I(i)0
)
/I(i)0
is an algebra isomorphic to A(i). Using (67) and homomorphism of coproduct ∆(i)0 (h1h2) = ∆(i)0 (h1)∆(i)0 (h2)
for every h1, h2 ∈ H (i) we have
∆
(i)
0 x
(i)
µ =
(
S( j,i) ⊗ S( j,i)
)
∆
( j)
0 x
( j)
µ
(
S(i, j) ⊗ S(i, j)
)
∆
(i)
0 p
(i)
µ =
(
S( j,i) ⊗ S( j,i)
)
∆
( j)
0 p
( j)
µ
(
S(i, j) ⊗ S(i, j)
) (72)
and also
∆
(i)
0 x
( j)
µ = ∆
(i)
0
(
x
( j)
α
[
ψ(i, j)
]α
µ
)
= ∆
(i)
0
(
x
(i)
α
)
∆
(i)
0
([
ψ(i, j)
]α
µ
)
, x
( j)
µ ⊗ 1
∆
(i)
0 p
( j)
µ = ∆
(i)
0
(
S(i, j)
)
∆
(i)
0
(
p(i)µ
)
∆
(i)
0
([
S(i, j)
]−1)
= ∆
(i)
0
(
S(i, j)
)
p(i)µ ⊗ ∆(i)0
([
S(i, j)
]−1)
+ ∆
(i)
0
(
S(i, j)
)
⊗ p(i)µ ∆(i)0
([
S(i, j)
]−1)
, p( j)µ ⊗ 1 + 1 ⊗ p( j)µ
(73)
where i, j = 1, 2 and i , j. Note that the coproduct ∆0 is a unique mathematical object and ∆(i)0 is its
realization in algebra H (i). Since the star products in (70) are commutative and associative, both ∆(1)0 and
∆
(2)
0 are cocommutative (74a) and coassociative (74b)
˜∆
(i)
0 h = τ0 ∆
(i)
0 h τ0 = ∆
(i)
0 h, (74a)
(
∆
(i)
0 ⊗ 1
)
∆
(i)
0 =
(
1 ⊗ ∆(i)0
)
∆
(i)
0 , (74b)
for any h ∈ H (i), where τ0 is the flip operator defined by τ0 : h1 ⊗ h2 7→ h2 ⊗ h1,∀h1, h2 ∈ H (i).
Cocomutativity of the coproduct leads to trivial R-matrix, i.e. R = 1 ⊗ 1 (up to the right ideal J0).
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The relation between coproducts ∆(1)0 and ∆
(2)
0 defines the bidifferential operators F (1,2) and F (2,1) via
∆
(2)
0 h = F (1,2)
(
∆
(1)
0 h
) [
F (1,2)
]−1
, (75a)
∆
(1)
0 h = F (2,1)
(
∆
(2)
0 h
) [
F (2,1)
]−1
, (75b)
where h ∈ H (i) and F (i, j) ≡ F (i, j)(x(i), p(i)). From (75) we get
F (1,2)(x(1), p(1)) =
[
F (2,1)
]−1 (x(2), p(2)) (76)
or in a unified way
∆
( j)
0 h = F (i, j)
(
∆
(i)
0 h
) [
F (i, j)
]−1
F (i, j)(x(i), p(i)) =
[
F ( j,i)
]−1 (x( j), p( j)) (77)
where i, j = 1, 2 and i , j. Operators F (1,2) and F (2,1) satisfy all the properties of a twist, that is the cocycle
(20) and the normalization (22) condition. Star products in (70) can also be defined using the twist
f (i) ∗(i) g(i) = m
(
F ( j,i) ⊲(i) f (i) ⊗ g(i)
)
(78)
Note that
x
( j)
µ = m
(
F ( j,i) ⊲(i)
(
x
(i)
µ ⊗ 1
))
= x
(i)
α
[
ψ(i, j)
]α
µ
(79)
For the relations R(1)0 and R
(2)
0 we have
R( j)0 = F (i, j)R
(i)
0 F ( j,i) (80)
The coproduct and twist can also be considered as mappings
∆
(i)
0 h : ∆
(i)
0 H (i) 7→ ∆
(i)
0 H (i)
F (i, j) : ∆(i)0 H (i) 7→ ∆
( j)
0 H ( j)
(81)
where ∆(i)0 H (i) =
(
(A(i) ⊗ 1)∆(i)0 T (i) + I(i)0
)
/I(i)0 . Using (67, 71, 72, 75) we can relate the twist F (i, j) with
the similarity transformation S(i, j)
∆
( j)
0 p
(i)
µ = F (i, j)∆(i)0 p
(i)
µ F ( j,i)
= F (i, j)
(
S( j,i) ⊗ S( j,i)
)
∆
( j)
0 p
( j)
µ
(
S(i, j) ⊗ S(i, j)
)
F ( j,i)
(l.h.s.) =
(
∆
( j)
0 S( j,i)
)
∆
( j)
0 p
( j)
µ
(
∆
( j)
0 S(i, j)
)
(82)
and from last two lines it follows
F (i, j) = ∆( j)0 S( j,i)
(
S(i, j) ⊗ S(i, j)
)
(83)
So far we have completely defined connection between two quantum phase spaces, that is undeformed
Heisenberg algebras H (1) and H (2) and illustrated all the mathematical tools (coproduct, twist, star product)
which are usually used in the noncommutative setting.
19
B. κ-deformed phase space in two different realizations
Now we want to analyze two different realizations of NC space (1), and illustrate the procedure of
connecting the twist operator (17) in one realization with the twist operator in another realization. The
NC coordinates xˆ can be realized in terms of the algebra H (1) and also in terms of algebra H (2). For two
different realizations of NC coordinates we can write
xˆµ = x
(1)
α
[
ϕ(1)
]α
µ
= x
(2)
α
[
ϕ(2)
]α
µ
, (84)
where
[
ϕ(i)
]α
µ
≡
[
ϕ(i)
]α
µ
(p(i)) is a function of p(i) only. Since both
{
x(1), p(1)
}
and
{
x(2), p(2)
}
generate the
undeformed Heisenberg algebra, they can be connected via similarity transformations of the form (63) and
we get
[
ϕ(i)
]α
β
=
[
ψ(i, j)
]α
σ
[
ϕ( j)
]σ
β
(85)
where i, j = 1, 2 and i , j. We can introduce the deformed twist F (i,ϕ(i)) like in (17) which will depend
on the realization ϕ(i)(p(i)). Twist F (i,ϕ(i)) can be calculated for a given realization ϕ(i)(p(i)) as described in
section II(see (25-27)). Hence, for every h ∈ H (i) we have
∆h = F (i,ϕ(i))∆(i)0 h
[
F (i,ϕ(i))
]−1
ˆf (xˆ)gˆ(xˆ) ⊲(i) 1 = f (i) ⋆ϕ(i) g(i) = m
([
F (i,ϕ(i))
]−1
⊲(i) ( f (i) ⊗ g(i))
) (86)
where it must be pointed out that the deformed coproduct ∆ and star product ⋆ϕ(i) depend on the choice of
realization ϕ(i). Now we can relate twists in different realizations F (1,ϕ(1)) and F (2,ϕ(2)). Using (63, 75, 86)
we have
∆h = F (i,ϕ(i))
(
∆
(i)
0 h
) [
F (i,ϕ(i))
]−1
= F (i,ϕ(i))
(
F ( j,i)
(
∆
( j)
0 h
)
F (i, j)
) [
F (i,ϕ(i))
]−1
(l.h.s.) ≡ F ( j,ϕ( j))
(
∆
( j)
0 h
) [
F ( j,ϕ( j))
]−1
(87)
which leads to
F ( j,ϕ( j)) = F (i,ϕ(i))F ( j,i) (88)
Note that the composition of the twists in (88) is also a twist. Since, F (i, j) could be expressed via similarity
transformations (82), eq.(88) states that if we have a twist in one realization and we know the connection
between this realization with another one, then we can easily get twist in this other realization. The pro-
cedure presented in this section implies that if there exists a twist in one realization , then it exists in any
other realization which can be related with the similarity transformations. The results of this section will
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be demonstrated by two explicit examples, where in the first one we look at relation between natural and
left covariant realization [19] and in the second one the relation between left covariant and left noncovariant
realization (corresponds to the left ordering [18, 20]).
V. EXAMPLES
A. Natural and left covariant
Here we demonstrate how to get the twist for the natural realization from the known twist for the so called
left covariant realization and the relative twist calculated using the similarity transformations between the
two undeformed Heisenberg algebras. We will denote
{
x(1), p(1)
}
≡ {X, P} as generators in natural realization
and
{
x(2), p(2)
}
≡
{
xL, pL
}
as generators in left covariant realization. The left covariant realization of the κ-
Minkowski spacetime is given by xˆµ = xLµ(1 + a · pL), where {xLµ} are commutative spacetime coordinates
that, together with the associated momenta {pLµ} ([pLµ , xLν ] = −iηµν), generate an undeformed Heisenberg
algebra. The relations between this Heisenberg algebra and the one generated by {Xµ, Pµ} are given by
Pµ = pLµ −
aµ
2
(pL)2 1
1 + (a · pL) (89)
Xµ = xLµ + (a · xL)
pLµ +
aµ
2 
1 − a22 
= xLαχ−1αµ(pL) (90)
pLµ = Pµ −
aµ
2
1 −
√
1 + a2P2
a2/2
(91)
xLµ = Xµ −
(a · X)Pµ√
1 + a2P2 + (a · P)
= Xαχαµ(P). (92)
We now define the coproduct ∆′0 by
∆′0 p
L
µ ≡ pLµ ⊗ 1 + 1 ⊗ pLµ , ∆′0xLµ ≡ xLµ ⊗ 1, (93)
and we calculate ∆′0 for Xµ and Pµ using eqs. (89)-(90) and the homomorphism property of the coproduct.
21
Then we express the result in terms of Xµ and Pµ, using eqs. (91) and (92)
∆′0Pµ = ∆
′
0
(
pLµ −
aµ
2
(pL)2 1
1 + (a · pL)
)
= Pµ ⊗ 1 + 1 ⊗ Pµ − aµPα ⊗ Pα + aµ((a · P)Pα ⊗ Pα + Pα ⊗ Pα(a · P)) −
aµ
2
a2(P2Pα ⊗ Pα + Pα ⊗ PαP2)
−aµ
4
a2P2 ⊗ P2 + aµ
((a · P)2Pα ⊗ Pα + Pα ⊗ Pα(a · P)2 + 2(a · P)Pα ⊗ Pα(a · P)) + O(a40) (94)
∆′0Xµ = (Xαχαβ(P) ⊗ 1)(∆′0χ−1βµ (P))
= Xµ ⊗ 1 + (a · X) ⊗ Pµ − (a · X)(a · P) ⊗ Pµ − aµ(a · X)Pα ⊗ Pα − 2aµ(a · X)(a · P)Pα ⊗ Pα
−aµ(a · X)Pα ⊗ (a · P)Pα − (a · X)(a · P)2 ⊗ Pµ + a
2
2
(a · X) ⊗ 1
(
1 ⊗ P2Pµ + Pµ ⊗ P2 + P2 ⊗ Pµ
+2PαPµ ⊗ Pα + 2Pα ⊗ PαPµ
)
+ O(a40) (95)
Our next step is to find the relative twist FP,pL such that
∆′0Xµ = FP,pL∆0XµF −1P,pL , ∆′0Pµ = FP,pL∆0PµF −1P,pL, (96)
where ∆0Xµ = Xµ ⊗ 1 and ∆0Pµ = Pµ ⊗ 1 + 1 ⊗ Pµ. Using the pertubative method outlined in section II, we
find
FP,pL = exp
(
i(a · X)Pα ⊗ Pα + i(a · X)(a · P)Pα ⊗ Pα + i2(a · X)P
α(a · P)Pα + i(a · X)(a · P)2Pα ⊗ Pα
+i(a · X)(a · P)Pα ⊗ (a · P)Pα + i3(a · X)Pα ⊗ (a · P)
2Pα − i
2
a2(a · X)Pα ⊗ P2Pα − i4a
2(a · X)P2 ⊗ P2
− i
2
a2(a · X)P2Pα ⊗ Pα − i2a
2(a · X)PαPβ ⊗ PαPβ + O(a40)
)
. (97)
The twist for the left covariant realization, which is a special example of a Jordanian twist, is known to be
FL = exp
(−i(xL · pL) ⊗ ln(1 + (a · pL))). (98)
Using eqs. (91) and (92) this can be written in terms of Xµ and Pµ
FL = exp
(
−i(X · P) ⊗ (a · P) + i
2
a2(X · P) ⊗ P2 − i
2
(X · P) ⊗ (a · P)2 − i
2
(a · X)P2 ⊗ a · P
+
i
2
a2(X · P) ⊗ (a · P)P2 − i
3
(X · P) ⊗ (a · P)3 + i
4
a2(a · X)P2 ⊗ P2
− i
4
(a · X)P2 ⊗ (a · P)2 − i
2
(a · X)(a · P)P2 ⊗ (a · P) + O(a40)
)
. (99)
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With FP,pL = exp( fP,pL) and FL = exp( fL), we now calculate the twist F for the natural realization as
F = FLFP,pL = exp
(
fL + fP,pL +
1
2
[ fL, fP,pL] + . . .
)
= exp
(
−i(X · P) ⊗ (a · P) + i(a · X)Pα ⊗ Pα − i2(X · P) ⊗ (a · P)
2 +
i
2
a2(X · P) ⊗ P2 + i(a · X)(a · P)Pα ⊗ Pα
− i
2
(a · X)P2 ⊗ (a · P) + i
2
(a · X)Pα ⊗ (a · P)Pα − i3(X · P) ⊗ (a · P)
3 +
i
2
a2(X · P) ⊗ (a · P)P2
+
i
3(a · X)P
α ⊗ (a · P)2Pα − i2(a · X)(a · P)P
2 ⊗ (a · P) − i
2
(a · X)P2 ⊗ (a · P)2 + i(a · X)(a · P)Pα ⊗ (a · P)Pα
+i(a · X)(a · P)2Pα ⊗ Pα − i2a
2(a · X)P2Pα ⊗ Pα − i2a
2(a · X)Pα ⊗ P2Pα − i2(a · X)PαPβ ⊗ P
αPβ
+O(a40)
)
. (100)
The obtained result coincides with the twist calculated in section III.
B. Left covariant and left noncovariant
In this example, we use the twist for the realization corresponding to the left noncovariant (left ordering
of κ-Minkowski spacetime) and similarity transformations between the two undeformed Heisenberg alge-
bras to reproduce the twist for the left covariant realization. In this case, the terms we obtain using our
perturbative method can be summed and we are able to reproduce the analytical result.
The realization corresponding to the left ordering of κ-Minkowski spacetime is given by xˆ0 = xl0, xˆi =
xli exp(−a · pl), where plµ are the corresponding momenta to xl, ([plµ, xlν] = −iηµν). The relations between
{xLµ , pLµ} and {xlµ, plµ} are given by
xLi = x
l
i, x
L
0 = x
l
0e
a0 pl0 , xl0 = x
L
0 (1 − a0 pL0 ), pLi = pli, pL0 =
1 − e−a0 pl0
a0
, pl0 = −
1
a0
ln(1 − a0 pL0 ).
(101)
We define the coproduct ∆′0 such that
∆′0 p
l
µ ≡ plµ ⊗ 1 + 1 ⊗ plµ, ∆′0xlµ ≡ xlµ ⊗ 1, (102)
and, as before, calculate ∆′0 for x
L
µ and pLµ using eqs. in (101) and the homomorphism property of the
coproduct
∆′0 p
L
i = ∆
′
0 p
l
i = p
L
i ⊗ 1 + 1 ⊗ pLi = ∆0 pLi (103)
∆′0x
L
i = ∆
′
0x
l
i = x
L
i ⊗ 1 = ∆0xLi (104)
∆′0 p
L
0 = ∆
′
0
1 − e
−a0 pl0
a0
 = pL0 ⊗ 1 + 1 ⊗ pL0 − a0 pL0 ⊗ pL0 + O(a40) (105)
∆′0x
L
0 = (xL0 (1 − a0 pL0 ) ⊗ 1)(∆′0(e−a0 p
l
0))
= xL0 ⊗ 1 + a0xL0 ⊗ pL0 + a20xL0 ⊗ (pL0 )2 − a30xL0 ⊗ (pL0 )3 + O(a40). (106)
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Now, for the relative twist FL,l, defined with
∆′0 p
L
µ = FL,l∆0 pLµF −1L,l , ∆′0xLµ = FL,l∆0xLµF −1L,l , (107)
using the method of section II, we find the first terms in the expansion FL,l = exp( f L,l1 + f L,l2 + f L,l3 + ...),
f L,lk ∝ ak0 and then summarize using the induction
FL,l = exp
−ixL0 pL0 ⊗
a0 pL0 + (a0 p
L
0 )2
2
+
(a0 pL0 )3
3
+ . . .

 = exp(−ixL0 pL0 ⊗ ln Z), (108)
where the shift operator in the left covariant realization is given by Z−1 = 1 − a0 pL0 . This twist satisfies
the cocycle condition. The twist for the realization corresponding to the left ordering of the κ-Minkowski
spacetime is known to be [18, 20, 39]
Fl = exp(ixli pli ⊗ a0 pl0) = exp(ixli pli ⊗ ln Z) = exp(ixLi pLi ⊗ ln Z), (109)
where the second equality comes from the fact that in the realization corresponding to the left ordering of
κ-Minkowski spacetime Z = ea0 pl0 , and the third one follows from eqs. in (101). Now we get for the left
covariant twist
FL = FlFL,l = exp
(
i(xLi pLi − xL0 pL0 ) ⊗ ln Z
)
= exp(ixL · pL ⊗ ln Z), (110)
which is the result known from [22]. Note that FL and Fl are both Drinfeld twists (they satisfy the cocycle
condition). Remark: We could have also reproduced both of the twists, FL and Fl, using our method from
section II. Note that FP,pL = ∆′0S
(
S−1 ⊗ S−1
)
.
VI. OUTLOOK AND DISCUSSION
In the following we will discuss some of the physical motivations for studying the mathematical structure
of κ-Minkowski space time and its realization via quantum phase space.
κ-Minkowski spacetime and κ-Poincaré algebra may provide a setting for trapping the signals of quantum
gravity effects, which may be found in observation of ultrahigh energy cosmic rays, contradicting the usual
understanding of electron-positron production in collisions of high energy photons and other high energy
astrophysical processes alike. It turns out that deviations of this kind can be explained by the modified
dispersion relations, whose modification can be traced back to the deformation of spacetime, particularly of
the κ type [30, 92, 93].
The main question is what are the main effects of Planck scale physics, that is, how the nature of NC
spacetime affects the construction of QFT’s. The obvious one is the change in the particle statistics. The
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information about particle statistics is encoded in the R-matrix. For example, given a free scalar field φ and
knowing R-matrix one can modify the algebra of creation and annihilation operators via
φ(x) ⊗ φ(y) − Rφ(y) ⊗ φ(x) = 0 (111)
and deform the usual spin-statistics relation of usual bosons at Planck scale. The R matrix is defined via
R = ˜FF −1 = 1 ⊗ 1 + ia0xα
pβ ⊗
∂ϕ
β
α
∂a0

a0=0
−
∂ϕ
β
α
∂a0

a0=0
⊗ pβ
 + O(a20)
= 1 ⊗ 1 + ia0r + O(a20),
(112)
where r is the classical r-matrix. Note that the measurement of the system which involves only single-
particle observables will not reveal whether the system is truly deformed or not. The twisted deformation
that we are dealing with here only makes itself manifest in the multi-particle sector.
In [94] a large class of supersymmetric classical r-matrices, describing supertwist deformation of
Poincare and Euclidian superalgebra was presented. It is interesting to study the extended version (like
in [95])of quantum phase space, that is super-phase space, and its deformation.
Although we have been analyzing only κ-deformations of Minkowski spacetime, one can write the most
general expression for the twist operator F = e f1+... up to the first order for a general NC space by writing
(symbolically) f1 as f1 ≡ ∑Gi ⊗G j, where generators Gi ∈ {pi, p0, Mi j, Mi0, x0 p0, xk pk} (Mµν are Lorentz
generators). Then using (16) one can obtain the most general deformations (up to the first order) of the
coalgebra of Poincaré algebra (namely calculate ∆M and ∆p). Also we can calculate all possible classical
r-matrices (similarly as done in eq. (112)). This analysis is in some sense alternative to the one carried
out in [96], where (2+1) (A)dS and Poincaré r-matrices are not only defined by κ-deformations, but also
correspond to multiparametric r-matrices. It is very interesting, from a physical point of view, to analyze
these multiparametric deformations, since in the particular case of (2+1) quantum gravity, it was stated in
[6] that the perturbations of the vacuum state of a Chern-Simons quantum gravity theory with cosmological
constant Λ are invariant under transformations that close under a certain deformation of the (A)dS algebra.
The low energy regime/zero-curvature limit of this algebra was found to be κ-Poincaré algebra [14, 17].
These multiparametric analysis will provide all possible deformations of (A)dS and Poincaré algebras .
Recently, [97], using realization formalism of NC spaces (namely for Snyder space), NC fluid was
analyzed. The NC fluid generalizes the fluid model in the action functional formulation of the NC space.
Fluid equations of motion and their perturbative solutions were derived [98]. It is of interest to further
investigate this line of research using realization formalism for more general NC spaces.
In this paper we have analyzed the structure of both quantum phase space H and κ-deformed phase
space ˆH . Quantum phase space is described with Heisenberg algebra and has Hopf algebroid structure. κ-
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deformed phase space has also Hopf algebroid structure. The coordinates of κ-Minkowski space are realized
in terms of quantum phase space with twisted Hopf algebroid structure. Realizations, i.e. different bases
of quantum phase space are related by similarity transformations. We have presented a general method
for constructing the twist operator. Using this method, for the first time, we give the twist for natural
realization (classical basis), prove the cocycle condition and discuss the corresponding κ-Poincaré algebra
and R-matrix. We believe that the result presented in this paper are crucial and necessary mathematical
background for analyzing physical theories on NC spaces. The idea is to construct quantum field theory
(especially gauge theory) and gravity in the Hopf algebroid setting generalizing the ideas presented by the
group of Wess et al. R-matrix will enable us to define particle statistics and to properly quantize fields,
while the twist operator will provide the star product, which is crucial for writing the action and deriving
the equations of motion.
Appendix A: Undeformed Hopf algebroid
Undeformed Hopf algebroid is defined by total algebra H (quantum phase space ), base algebra A,
multiplication m, coproduct ∆0, antipode S 0, counit ǫ0, source map α0 and target map β0. The coproduct ∆0
is a mapping ∆0 : H 7→ U(R0)(A ⊗ A)∆0T /I0 defined by (14). The coproduct ∆0 is a homomorphism,
satisfies (14) and the coassociativity condition
(∆0 ⊗ 1)∆0 = (1 ⊗ ∆0)∆0. (A1)
The antipode S 0 is a maping S 0 : H 7→ H and an antihomomorphism S 0(h1h2) = S 0(h2)S 0(h1) ∀ h1, h2 ∈
H . For generators of Heisenberg algebra we have
S 0(xµ) = xµ, S 0(pµ) = −pµ. (A2)
The counit ǫ0 : H 7→ A is defined by ǫ0(h) = h ⊲ 1 ∈ A ⊂ H , ∀ h ∈ H . Note that ǫ0(H) = A. The target
map α0 : A 7→ H and source map β0 : A 7→ H are equal and coincide with A ֒→ H . The coproduct ∆0,
antipode S 0 and counit ǫ0 satisfy the following relations
m(ǫ0 ⊗ 1)∆0 = m(1 ⊗ ǫ0)∆0 = 1
m(S 0 ⊗ 1)∆0 = m(1 ⊗ S 0)∆0 = ǫ0.
(A3)
The coproduct ∆0, antipode S 0 and counit ǫ0 are highly related via (A1-A3). For example, if we consider
momentum representation:
ǫmom0 (pµ) = pµ, ǫmom0 (xµ) = 0, (A4)
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then
∆mom0 (pµ) = pµ ⊗ 1, ∆mom0 (xµ) = xµ ⊗ 1 + 1 ⊗ xµ, (A5)
and
S mom0 (pµ) = pµ, S mom0 (xµ) = −xµ. (A6)
Appendix B: Twisted Hopf algebroid
Twisted Hopf algebroid is defined by total algebra H (quantum phase space ), base algebra ˆA (where
for elements of ˆA a particular realization is explicitly used), multiplication m, twisted coproduct ∆F ≡ ∆,
antipode S F ≡ S , counit ǫF ≡ ǫˆ, source map αˆ and target map ˆβ. This twisted structure also satisfies the
axioms of Hopf algebroid. Using twist F ∈ (H ⊗H)/J and its inverse F −1 ∈ (H ⊗H)/J0, that satisfies
cocycle condition (20) and normalization condition (22), we define twisted coproduct ∆ : ∆0H 7→ ∆H
∆h = F∆0hF −1, ∀ h ∈ H (B1)
which satisfies the coassociativity condition
(∆ ⊗ 1)∆ = (1 ⊗ ∆)∆. (B2)
The antipode S : H 7→ H is an antihomomorphism defined by
S (h) = χS 0(h)χ−1 (B3)
where χ−1 = m
[
(S 0 ⊗ 1)F −1
]
. The counit ǫˆ : H 7→ ˆA ⊂ H is defined by
ǫ(h) = m
{
F −1(⊲ ⊗ 1)(ǫ0(h) ⊗ 1)
}
. (B4)
So, we have
ǫˆ( f ) = ˆf , ǫ0( ˆf ) = f ,
ǫˆ( f ⋆ g) = ˆf gˆ, ǫ0( ˆf gˆ) = f ⋆ g,
ǫˆ(ǫ0( ˆf )) = ˆf , ǫ0(ǫˆ( f )) = f ,
(B5)
∀ f ≡ f (x), g ≡ g(x) ∈ A and ˆf ≡ ˆf (xˆ), gˆ ≡ gˆ(xˆ) ∈ ˆA. Let us reconstruct the source and the target maps
from the twist. First, we define α and β, α : A⋆ → ˆA ⊂ H , β : A⋆ → H by
α( f (x)) = m
(
F −1(⊲ ⊗ 1)(α0( f (x)) ⊗ 1)
)
, α0( f (x)) = f (x) (B6)
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and
β( f (x)) = m
(
˜F −1(⊲ ⊗ 1)(β0( f (x)) ⊗ 1)
)
, β0( f (x)) = f (x). (B7)
Now, the source and the target maps are given by
αˆ = αǫ0| ˆA (B8)
and
ˆβ = βǫ0| ˆA. (B9)
The coproduct ∆, antipode S and counit ǫ satisfy the following relations
m(ǫˆ ⊗ 1)∆ = m(1 ⊗ S −1ǫˆ S )∆ = 1
m(S ⊗ 1)∆ = S −1ǫˆ S
m(1 ⊗ S )∆ = ǫˆ
(B10)
which are compatible with the Hopf algebroid structure in [80]. The relation between Lu’s paper [80] and
our approach is αǫ 7→ ǫˆ and βǫ 7→ S −1ǫˆ, since in our case ǫˆ : H 7→ ˆA ⊂ H . In the undeformed case the
relation is αǫ 7→ ǫ0 and βǫ 7→ S −10 ǫ0 = ǫ0.
Appendix C: Hopf algebroid structure of ˆH
κ-deformed phase space ˆH generated by NC coordinates xˆµ and momentum pµ also has Hopf algebroid
structure which is defined by the total algebra ˆH , base algebra ˆA ⊂ ˆH , multiplication map m, coproduct ∆
(satisfying (B2) and (9)), antipode S , counit ǫˆ, source map αˆ and target map ˆβ (see [83] for the construction
related to bicrossproduct basis). The counit ǫˆ is defined by
ǫˆ(ˆh) = ˆh ◮ 1, ∀ˆh ∈ ˆH . (C1)
Let us introduce yˆµ as the right multiplication by xˆµ
yˆµ ◮ ˆf (xˆ) = ˆf (xˆ)xˆµ (C2)
and
∆yˆµ = 1 ⊗ yˆµ (C3)
with the property
[xˆµ, yˆν] = 0, [yˆµ, yˆν] = −i(aµyˆν − aνyˆµ). (C4)
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Note that relation ˆQµ = yˆµ ⊗ 1 − 1 ⊗ xˆµ with the property ˆQµ ◮ ˆA ⊗ ˆA = 0 generates the right ideal J
defined by J = U+( ˆQ) ˆH ⊗ ˆH , which satisfies J ◮ ˆA⊗ ˆA = 0.
The antipode S is defined by S (yˆµ) = xˆµ and satisfies
m(ǫˆ ⊗ 1)∆ = m(1 ⊗ S −1ǫˆ S )∆ = 1
m(S ⊗ 1)∆ = S −1ǫˆ S
m(1 ⊗ S )∆ = ǫˆ
(C5)
The antipode for pµ, S (pµ) follows from m(S ⊗ 1)∆(pµ) = m(1⊗ S )∆(pµ) = 0. The source map αˆ : ˆA 7→ ˆH
is a homomorphism and the target map ˆβ : ˆA 7→ ˆH is an antihomomorphism defined by ˆβ = S −1αˆ.
Coproduct ∆, antipode S , counit ǫˆ and multiplication map m provide the Hopf algebroid structure of ˆH that
is isomorphic to κ-deformed twisted Hopf algebroid structure of H presented in Appendix B.
Note that twist F obtained from the realization (2) leads to
xˆµ = m
(
F −1(⊲ ⊗ 1)(xµ ⊗ 1)
)
= xαϕ
α
µ(p). (C6)
We can also define yˆµ
yˆµ = m
(
˜F −1(⊲ ⊗ 1)(xµ ⊗ 1)
)
= xαϕ˜
α
µ(p), (C7)
with ˜F defined by ˜F = τ0F τ0, where τ0 is the flip operator, τ0(h1 ⊗ h2) = h2 ⊗ h1,∀h1, h2 ∈ H .
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